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INTRODUCTION 
For diagnostic acoustic methods piezoelectric ceramic circular disks are typically 
used as active transducer elements. To calculate the response of such transducers, 
simplified numerical calculation methods, having limited applicability, are widely used. 
In the present work the strict analytical methods of elasticity theory have been used to 
calculate the three-dimensional vibrations of circular piezoelectric disks having a general 
dependence on both diameter and thickness. The approach we employed is based on the 
eigenfunction method of dynamic electric elasticity developed in [1]. 
THEORY 
Problem Statement, its Reduction to the Solution of the Algebraic Set of Equations 
The harmonic oscillations of a piezoelectric disk with radius a and thickness 2h in 
the cylindrical dimensionless coordinate system (r,cp,z) are considered. Remanent 
polarization is directed along the z axis, and the plane surfaces z = ±1 are covered with 
electrodes of infinite conductance. The electric voltage is applied to the electrodes in the 
form of the time harmonic lJI(t) = lfl 0 exp(imt). Axially symmetric oscillations are 
investigated. Assume, that the disk faces are free of mechanical forces 
O'zz =O'rz =0, z=±1. (1) 
On the side surface of the disk the following boundary conditions are satisfied 
(2) 
where Dr is induction. 
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Use the general solutions of the electric elasticity equations from [1], satisfying the 
end-face conditions (1), when 1/f(t) = 0, where the particular solution removes the 
inhomogeneity in the boundary conditions. The solution for the disk with an arbitrary 
plane has the form 
00 
Ur= at:2 I. MnFn, 
n=l 
00 
Uz = at: I. Mn Tn + "'OA, 
n=l 
00 
Ue = at: L,.MnQn +cpoB, t: = h I a 
n=l 
(3) 
Here, ur> uz are translational vector components ue = II' I d, where d is a normalization 
constant, Fn, Tn, Qn are functions of the Coordinates, dispersion equation roots, and 
normalized frequency Q. A and B are functions of the material properties and of Q. The 
normalized frequency is Q = mb.(p I c44 )112 , where p is density, and c44 is an elastic 
constant. 
Satisfying the boundary conditions (2) and expanding corresponding functions into 
Fourier series in terms of z , results in the infinite algebraic system of linear equations. 
The complete form of the system is presented in [2]. The system obtained is solved by the 
reduction method. 
The current through a transducer is deterrnined as a derivative with respect to time 
of the charge on the electrode 
(4) 
Relation (4) allows us to determine the frequency dependence ofthe current. The 
frequency values at which the current approaches infinity correspond to the resonance 
frequencies. The vanishing current defines the antiresonance frequencies. 
NUMERICAL ANALYSIS 
The numerical analysis is carried out for PZT -19 piezoelectric ceramics. In Figure 
1 the natural frequency spectra in short-circuit (SC) and no-load (NL) conditions are 
shown. Here, R = a I h is a normalized radius. The difference between theoretical and 
experimental values is not more than 3%. 
For practical aims, the analysis of the piezoelectric disk electric state, and 
especially, the distribution of the electric induction on the plane surface is of great 
importance. In Figure 2 the Dz induction dependence on the radius r for the third 
resonance curve is illustrated. The existence of areas of differing sign of electric induction 
permits an increase in transducer efficiency on the higher harmonics. 
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Fig. 1. Natural frequency spectrum (PZT-19);-SC, --- NL. 
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Fig. 2. Electric induction on the plate end face at the third resonance. 
The most important characteristics, defining the efficiency of piezoelectric 
transducer performance and characterizing interrelation of electric and elastic fields, is the 
dynamic coefficient of electromechanical coupling kd. The coefficient indicated can be 
approximately deterrnined by the Mason formula 
(5) 
where fr and fa are the natural frequencies in the short-circuit and no-load conditions. 
The results are presented in Figure 3. The number ofthe resonance curve is indicated by 
labels. 
In the high-frequency region there is a series of frequency ranges in the spectrum, 
which are characterized by the weak resonance frequency dependence on the radius. The 
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Fig. 3. The dynamic Coefficient of electromechanical coupling. 
first of such areas with .Q = 2.3 corresponds to the frequency of the edge resonance. On 
the edge resonance concentration of some values (electric induction Dz, displacements and 
others) at the disk edge is observed. When increasing the frequency and passing through 
the edge resonance, the vibration phase changes. At some point near the edge resonance, 
the translation vector decreases practically to zero, and the resonance vibrations are not 
excited. 
Numerical analysis in the region of the thickness resonance has shown that the 
motion of the disk faces is not piston-like. The longitudinal movement of the end faces in 
the short circuit condition has an oscillating dependence on the radius. Thus, this well 
known experimental fact finds a theoretical confirmation. 
The movements in the no-load condition with large R are more similar to the 
piston-like ones. There is a strong dependence of the disk plane surface translation mode 
on the R value. In Figure 3, beginning from the third resonance curve, the points appear, 
at which kd becomes equal to zero. These points correspond to the initial areas of the 
boundary resonance, on which the change of the vibration character occurs. For the fourth 
and subsequent curves, there are distinct maxima in the region of the thickness resonance, 
where kd = 0.3. 
The results obtained, are the fundamental basis for the calculation and design of the 
receiving and emitting transducers with prescribed characteristics. 
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